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An experiment was performed in a 3.5 by 3.5 m variable-height, closed convec- 
tion box, with conditions ranging from a Rayleigh number of 4 x lo4 up to 7 x lo9, 
using air as the working fluid. Heat-flux measurements made at Rayleigh num- 
bers up to 7 x lo9 yielded a Nusselt number N u  = 0-13Ra0'30. Velocities and tem- 
peratures were measured up to Ra = 1.7 x 1 0 7 ,  and Fourier spectra calculated 
to find the predominant horizontal scales of the motion midway between the 
boundaries. The predominant scale at  Ra N 105 was approximately four times the 
distance between plates, changing to six as Ra increased to 106. With side walls 
introduced so that the transverse aspect ratio was equal to five, Fourier spectra 
indicated considerable smaller scale motions, approximately equal to the layer 
depth. These motions decreased in size as Ra was increased. The results are dis- 
cussed in relation to previous experimental and theoretical work. 

1. Introduction 
The fluid motion providing the vertical transport of heat in a gravitational 

field is an easily realizable situation in which the governing parameter and turbu- 
lent transport are uniform within the domain of interest. With a minimum of 
experimental parameters, the closed convection box can yield a turbulent flow 
in which the temporal and spatial characteristics of the motion can be syste- 
matically investigated. Many of the important features of turbulent convection 
in other geometries are exhibited by this flow. 

One particular feature of turbulence that has been the subject of numerous 
recent investigations and will be of interest in the present work is the scale size 
of observed regular structure. Measurements by Blackwelder & Kovasznay 
(1972) in a turbulent boundary layer indicate that the predominant scale of 
motion is much larger than the scale length of the flow. 

Transition to turbulence is another area in which thermal convection eluci- 
dates processes that are observed in other turbulent flows. Vortex pairing in the 
development of shear flow, as observed by Browand & Winant (1973), has its 
analogue in the succession of instabilities that lead to turbulent convection. 

There are two directions from which turbulent convection can be approached. 
We can start from steady flows that are just barely unstable, and proceed through 
the various states that exist as the governing parameter is increased. Or we can 
make assumptions about the nature of the flow, and develop bounds on the fully- 
turbulent state that give rise.to certain structures. The former method is based on 
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the observations of Malkus (1954a), who found a series of discontinuities in heat 
flux indicating that new modes were being generated. Willis & Deardorff (1967), 
Krishnamurti (1970), Brown (1973), Carroll (1971) and Busse & Whitehead 
(1974) investigated the structures of these modes in the laboratory. The tech- 
nique is to proceed step by step, relating measurements of a new transition to the 
previous state and to physical processes that cause the instability. 

The latter method of approaching thermal turbulence is based on the sugges- 
tion by Malkus (1954b) that the turbulence arranges itself so as to maximize the 
heat flux between the boundaries. This notion is the physical basis for these 
bounding theories, and distinguishes them from the more conventional theories 
based on arbitrary kinematic or stochastic assumptions of isotropy and homo- 
geneity. Howard (1963) and Busse (1969) used this approach, finding upper 
bounds on the turbulent transport and the structure of possible flows. 

The present work is an experimental study of moderate-to-high Rayleigh 
number convection in air. We begin in the region just above the heat flux dis- 
continuities, and move upward to highly-turbulent flow. In  analysing the present 
results we use both the aforementioned approaches (i.e. we move up from pre- 
vious workers' results at lower Rayleigh numbers, and we investigate structures 
in the fully-turbulent flow). The experimental apparatus, which is described in 
$2, is larger than that used by previous researchers, allowing both higher Ray- 
leigh numbers and larger aspect ratios to be used. In  addition, the data-gathering 
techniques make possible analysis of a greater amount of data. 

We begin, after describing the apparatus, by investigating the Rayleigh- 
number dependence of the heat flux in $3 .  Section 4 describes the results of 
measurements of temperature and velocity and their horizontal variation. 
The influence of Rayleigh number on these variations is explored in detail. 
In  $5  the spectral variation at  high Rayleigh number is examined, in an attempt 
to discern any organized structures that might exist in the flow. Section 6 sum- 
marizes the results and relates them to previously reported work. 

2. Description of apparatus and data analysis 
2.1. Apparatus 

A variable-height convection box was used for the experiments, with air (Prandtl 
number 0-71) as the working fluid. The sides of the box were of Styrofoam insula- 
tion. The top and bottom boundaries of the region consisted of 3.5m square 
flat plates formed of sheet aluminium attached to aluminium structural members, 
with water channels between the structural members to maintain the plates at  
a given temperature. The water flowed directly across each plate from a large 
supply manifold along one side, through the water channels to a collection 
trough on the other side. Water was supplied to the manifolds from two 120litre 
reservoirs that were maintained a t  constant temperatures monitored by means of 
Cu-Con thermocouples for the duration of each experimental period. The cold 
reservoir could be maintained between room temperature and 3 O C by means of 
a 3 h.p. refrigeration unit. The hot reservoir was maintained at between room 
temperature and 40 "C by use of the hot side of the refrigeration unit or electrica.1 
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heaters. The primary method for changing operating conditions was to raise or 
lower the top surface, since the appropriate dimensionless parameter is the Ray- 
leigh number, which varies as the cube of the gap height, R a  = gd3AT/vkT. Here 
d is the distance between the plates; AT and are the difference and mean of the 
plate absolute temperatures; v is the kinematic viscosity; and k is the thermal 
diffusivity. The minimum d was 6 em, because of the construction of the water 
channels, and the maximum d was 180 em, because of the laboratory dimensions. 

Flow rates through the water channels were kept at  approximately 2 1 s-l, with 
the maximum change in temperature between inlet and outlet of any channel 
being less than 0.3 "C for AT = 10 "C. The lower plate was adjusted as nearly as 
possible to  the horizontal using a carpenter's level. The exact angle between the 
lower plate and the local gravity vector is not known; but it is believed to have 
been so small that it did not affect the results. No large-scale flow was detected 
in the chamber under convective conditions. The plates were not exactly flat, 
with waves between the structural supports. The waviness was visible as re- 
flexions on the surface and had a maximum amplitude of approximately 1 mm. 
The maximum error in d occurred at the lowest values of d and was believed to 
be less than 2 %, including both the waviness in the surface of the plates and 
determination of the separation d .  For d > 14 em, the error in determining d 
was approximately 1 yo. Time variation of the temperatures of the plates was 
less than 1% for the duration of each experiment. Spatial variation of plate 
temperature was not determined. However, measurement of the temperature in 
the different water channels indicated variations to be less than 3 % for the small- 
est temperature differences. 

2.2.  Velocity and temperature measurement 

Wollaston-process platinum wire etched to 2.5pm was used to measure the 
horizontal and vertical velocity and temperature. For temperature measurement, 
a series resistor limited the current to less than 0.75 mA through the 5 mm long 
(100 Q at 20 "C) wire. Associated circuitry amplified the voltage across the wire 
approximately 100 times, and low-pass filtered it to attenuate those frequencies 
above 20 Hz. 

Velocity was measured with two 2.5 mm (50 Q at 20 "C) wires oriented at 
- + 45" from the horizontal. This technique is a standard one; it is discussed in 
detail by Deardorff &, Willis (1967). The wires were maintained at a constant 
temperature (resistance) by means of a servo circuit. The overheat ratio was kept 
equal to two, corresponding to a wire temperature of 304 "C. Additional circuitry 
was built to obtain the sum and difference of the two hot-wire outputs and to 
low-pass filter the results. 

The wire sensors were mounted on 15 mm long steel needles, which in turn were 
mounted on a 13 em probe. The hot wires were 2-5 mm apart, and the tempera- 
ture wire was centred 5 mm above and 3.5 mm in front of the hot wires. The probe 
was placed on a car designed to traverse along a line through the chamber with 
minimum vibrations and oscillations (figure 1 (a ) ) .  It was fastened onto a variable 
height post 3 cin long, 1 em wide, and high enough that the probe support was 
midway between the top and bottom plates. The four-wheeled, rubber-tyred car, 
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weighted to minimize vibration, was propelled along the lower plate at  28.3 ern 
5-1 by a constant r.p.m. motor, and carried the probe assembly through the work- 
ing fluid. 

Velocity errors due to both vibration and waviness of the lower plate were 
encountered. The size of these errors depended upon the magnitude of velocities 
being measured, varying from less than 5 % for most of the cases investigated 
up to approximately 1Oyo for those with the smallest velocities. It should be 
noted that the spectra of these velocity errors were quite different from spectra of 
the velocity signal. No fixed-frequency spectral peaks corresponding to the plate 
waviness were observed in the results, so that low-frequency errors due to the 
waviness of the lower plate were not significant. Vibrations of the support were 
of higher frequency than the convective velocities being measured; the highest- 
frequency velocity analysed below is approximately 5 Hz, below the vibration 
frequency. Again, no steady spectral peak was observed in the results, indicating 
that probe vibrations were not significant. The measured spectra to be given 
below are therefore nearly unaffected by errors due to the traversing mechanism. 

When the probe is moving through the fluid, the difference between the crossed 
hot wires is proportional to the vertical velocity of the fluid and independent of 
temperature. No drift in the d.c. level of the difference circuit was seen, even 
though the mean temperature in the fluid was varied more than 10°C. It was 
therefore concluded that the difference signal was not affected by temperature 
variations. This result is in agreement with that of Deardorff & Willis (1967). 
The sum of the hot-wire outputs is proportional to the longitudinal horizontal 
velocity, and retains some temperature dependence. The hot wires were cali- 
brated by passing the probe through a stable fluid layer. The speed of traverse 
and angle of the probe were varied to determine the sensitivity to vertical and 
longitudinal horizontal velocities. The hot-wire difference was calibrated for 
13 velocities between + 10 cm s-1 and - 9.2 em s-l; it was seen to be nearly linear 
a t  2.7 em s-lV-l. The r.m.8. deviation from this straight line was 0.24 cm s-l. 
The hot-wire sum signal was calibrated at probe speeds of 35.1,28.3 and 17.9 cm 
s-1 V-1. The calibrations for the three speed differences were within 5 yo of each 
other. Two sets of velocity wires were calibrated. Replacement wires were 
soldered onto the same support, and etched to the same value of resistance (with- 
in 2 %) as the original one. Considering the nature of the probe and calibration 
procedure, the absolute accuracy of these velocity measurements is approxi- 
mately loo/,. 

A detailed discussion of the characteristics of crossed hot wires is given by 
Deardorff & Willis (1967). In  particular, the contamination of the difference 
signal by the lateral horizontal velocity is analysed. The present study is pri- 
marily concerned with investigating the spectral properties of the vertical velo- 
city and temperature, which are responsible for the turbulent heat transfer. The 
effect of lateral horizontal velocity is not important for the purposes at  hand, and 
has not been taken into account. Thus the outputs of the difference circuit, the 
sum circuit, and the temperature circuit, when multiplied by the appropriate 
calibration factor, will henceforth be referred to as vertical velocity W ,  horizon- 
tal velocity U and temperature T. 
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The temperature output was unaffected by traverse velocity. Temperature 
wires were calibrated by changing the mean temperature in an unstable layer and 
noting the change in system output. Two wires were calibrated, one between 
Ra = 1.7 x lo5 and 2.6 x lo5, withd = 8 em, the other between Ra = 3.2 x lo5 and 
4.1 x 105, with d = 10 ern. In  each case, 13 traverses were made through the layer. 
In  the former case, the r.m.s. deviation of individual traverses was 0.2 "C and the 
change in mean temperature was 1.8 "C. In  the latter the r.m.8. deviation was 
0.1 "C and the mean temperature change was 0.7 "C. The mean of these two 
calibrations was used in calculating results presented in $4. Thus the absolute 
accuracy of this calibration is approximately 10 %. 

Output signals for W ,  U and T were recorded on a Honeywell FM tape recorder 
at  30 in. s-1 for each traverse. A minimum of 3 min was allowed between traverses 
for the data of $4, and 10min for the data of $5. (Section 2 explains these times, 
and discusses the limitations of the traversing mechanism.) At the end of the 
experimental period, all the traverses were played back at half-speed (15 in. s-l) 
into a Pastoriza A/D converter (12 bit resolution), connected to a Digi-Data 
computer-compatible incremental tape recorder. The process resulted in a 
sampling rate of 61.5 Hz. The accuracy of this entire system was limited by the 
F M  tape recorder noise and drift, which were less than 5 %. 

Digital data were processed on the UCLA Campus Computing Network's IBM 
360/91 computer. The first 512 points, after the probe traverse had come up to 
speed, were Fourier analysed by conventional techniques. The length of traverse 
analysed was thus 2-4 m, roughly in the centre of the convection region. The vari- 
ance spectra c,, = @la2 + bib,, 
where the a's and b's are the cosine and sine coefficients of the Fourier analysis of 
series 1 and 2, were calculted for U ,  W and T a t  each frequency from 0.12 to 
30.75 Hz. The results were smoothed, 

C12(f) = tC,,(f- A.f) + %2(f) + fC12df-t Af)' 

in order to reduce truncation effects. The frequencies were converted t.o wave- 
lengths L by using the speed of the probe. 

The data-recording procedure varied slightly during the experimental pro- 
gramme, since the data were used for two purposes. For magnitudes of spectra a t  
different Ra to be comparable, it  was essential that the calibration of the entire 
recording system remained constant. Thus, for the results described in $4, the 
calibration of the recording system was kept constant, and was checked periodic- 
ally. However, for investigating the wavelengths of spectral peaks in $5, the 
magnitudes were not deemed crucial, so the record and playback amplifiers of 
the F M  tape recorder (the only adjustments possible in the entire system) were 
adjusted to optimize the recorded signal. 

An example of the data recorded is shown in figure 1 (b) .  One traverse is shown 
for Ra = 2.7 x 106, one for Ra = 1.3 x 10'. The segments shown represent the 
entire traverse, after the traverse mechanism attained a constant speed. Different 
values of d were used; they are shown in the figure. Inspection of the traces shows 
a high correlation between W and T ,  as expected. 
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-4 k- 1 s  
FIGURE 1. ( a )  Probe-traversing mechanism. A ,  friction-drive, constant-speed motor; B,  
support-beam section; C, rubber-tired wheels; D, spring coupling; E ,  shielded cables; 
P, probe support; G ,  crossed hot wire; H ,  temperature wire; I ,  variable height; J, balance 
weight; K ,  lower plate; L, car section. (a) Example of sensor outputs. Top: Ra = 2.7 x lo6, 
d = 11 cm, AT = 31 "C. Bottom: Ra = 1.3 x 107, d = 20.8 cm, A T  = 22 "C. Traverse 
taken midway between upper and lower plate. Arrows indicate a time of 1 s, which cor- 
responds to 2.6d for d = 11 cm and 1.4d for d = 20.8 cm, using a probe speed of 28.3 cm s-l 
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2.3. Limitations of velocity and temperature measurement 
A number of difficulties are apparent in the use of the probe and traverse, de- 
scribed above, to measure temperatures and velocities. The first is the very basic 
problem of trying to investigate a flow that varies in time and in both horizontal 
directions by passing a probe along a single line. Another difficulty is the effect 
of disturbing the flow by introducing a moving probe into the convecting fluid. 
These difficulties will be discussed in turn in this sub-section. It should be noted 
at the outset, however, that the measuring technique is standard, having been 
used by Deardorff & Willis (1  967) and Brown (1 973) in previous investigations of 
turbulent convection in air. The technique was chosen because it was the only 
practical way to obtain information on the horizontal variations of temperature 
and velocity from the convection apparatus described above. 

The turbulent convective flows being investigated vary with time, and the 
probe takes 8.5 s to traverse the 2.4 m length of traverse, so the results do not 
represent an instantaneous picture of the motion. Por a typical case of d = 10 em, 
with a predominant horizontal scale of motion (see 34, figure 3) of 6d = 60 em, 
the probe takes approximately 2 s  to cross a disturbance. With vertical and 
horizontal velocities of approximately 10cm s-1 in the turbulent flow, we see that 
considerable distortion has occurred during the time of traverse across the dis- 
turbance. However, it  is observed that the time scale for a particular thermal 
disturbance is greater than d/  W .  No exact results are available, but experience 
indicates that the time scale may be of the order of T = lOd/ W ,  long enough that 
the moving probe makes a reasonable estimation of the size of the disturbance. 

Another inherent difficulty is that of investigating a three-dimensional flow 
by passing the probe only along a single line. Even if the disturbances were two- 
dimensional rolls (which would occur at lower Ra), random orientation relative 
to  the traverse line would cause the wavelength to be overestimated. This de- 
ficiency is perhaps the most serious of the present method. With no further infor- 
mation available, we must use the size of elements measured along a line as 
indicative of their horizontal extent, averaging together a, large number of 
traverses to overcome the problem of orientation. 

Because the probe disturbs the flow, we must decide how long to wait between 
traverses so that thermal and velocity disturbances caused by the probe have 
decayed sufficiently. In  discussing characteristic times in the present experiment, 
it  should be kept in mind that we are dealing with turbulent convection. The 
appropriate velocity scale is therefore not the conduction velocity k/d, but the 
convection velocity w* where 

w* - (PrRaNu)) .  Ep- 
This has been shown by Deardorff (1970); and it is shown conclusively by the 
results presented in 54 (figures 7-9). The characteristic time scale is therefore not 
d2/k, but must be the convection time scale 

rn 

- con" = (Pr Ra Nu)-*. 
d2/k 
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The largest Ra investigated by the above-mentioned traversing mechanism was 
Ra = 1 . 7 ~  l o 7  with d = 24cm. For this value of d,  we get d2/k - 50min and 
T,,,, N 50 min/600 N 5 s, which is one-half the mean orbital time of a particle in 
a convection roll when we use the r.m.5. velocity of 7 em s-l. At lower Ra, distur- 
bances are seen to propagate through convective chambers from one thermal 
‘cell’ to another, so that the appropriate time scale is the mean orbital time 
times the number of cells (Chen & Whitehead 1968). The author believes that, 
because the present flows are turbulent, such a time is much too long for the 
present high Ra case, since the disturbance caused by the probe will be ‘mixed 
up’ and dissipated by the turbulent convective velocities. Even so, the minimum 
of 3 min that was allowed between traverses is greater than this time scale. 

The sketch in figure I (a)  shows that the frontal area of the car that carried the 
probe through the chamber was approximately 6 cm x 6 em. At the lowest Ra 
it  fills the entire depth of the layer, but it is less than 2 % of the total cross- 
sectional area of the chamber. When the probe speed is 28 em s-l, the nearest point 
of the chamber is equivalent to  being 840 body lengths downstream of the car 
after a waiting time of 3 min. With a Reynolds number of approximately 700, the 
wake should dissipate by at least a factor of 30, not counting the presence of the 
top and bottom boundaries and large convective velocities (Schlichting 1960). 

As the car moves across the chamber, 240 em of 2 em x 4 ern aluminium sup- 
port beam enters at the temperature of the laboratory. Since the probe support 
is introduced into the chamber for less than 16s, and its area of 2880cm2 is 
only 2 % of the area of one of the plates, the thermal effect is considered negligible. 

Of course, the best way to evaluate the disturbing effect of the traverse car is 
to test it in operation. Under conditions of neutral and slightly stable thermal 
boundary conditions, velocities induced by the probe were not noticeable (after 
stopping the probe abruptly) after 30 s. This agrees with the statement of Dear- 
dorff & Willis (1967), that no effect of the probe was noticed for waiting periods of 
longer than 30 s. More conclusively, the results of spectral analysis of the velocity 
and temperature signal showed no fixed-frequency spectral peak from one tra- 
verse to the next. The dominant horizontal wavelengths shown in $ 4  were all 
obtained by averaging together a large number of traverses. In  no case did the 
spectral peaks coincide for different traverses. Since any significant disturbance 
from the probe mechanism would be expected to appear as the same frequency 
peak in every traverse, it  is concluded that these disturbances were not significant 
in the present experiment. 

The experiments described in $5 below were done first, with waiting times of 
10 min. The spectral results showed a large variance of spectral peaks for a num- 
ber of traverses under the same conditions (r.m.s. deviation M mean value). No 
significant trend was seen as the waiting times were changed between 15 and 1 min. 
For operational considerations (to allow more traverses to be averaged for given 
conditions) the waiting time was lowered to 3 min for the experiments described 
in $4.  Again, no trend was seen in the spectral results. 
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2.4. Heat $UX measurement 

The measurement of heat flux across the plate gap posed a much more dificult 
problem than had been anticipated. The original method was to measure the flow 
rate and temperature drop in the water channels of both plates when the mean 
temperature was kept equal to that of the room. However, the size of the experi- 
ment and its design made it impossible to obtain consistent results. The con- 
struction of the water flow channels and insulation of the plates was not sym- 
metric, so that the heat losses to the room could not be determined to account 
for discrepancies between heat lost at the lower boundary and heat gained at  the 
upper boundary. In  addition, inhomogeneities in temperature in the manifold 
supplying water to the flow channels were seen to be nearly as large as the drop 
along the channels. 

The second method to obtain heat flux was to measure the amount of electrical 
power (from a 20 Q heater) necessary to keep the lower plate at  a constant tem- 
perature very close to that of the room. With the lower plate and its supply 
reservoir at room temperature, the only heat losses are to the upper plate. Heat 
transfer due to radiation was calculated using 

where the emissivity E = 0.04, area A = 12.2m2 and the radiation constant 
c = 5.7 x 10-l2 W (cm2K4)-1. 

This relation is taken from Jakob (1949); it is the net radiative transfer from 
one plate to the other, counting all the multiple reflexions from each plate, and 
assuming that the area of the plates is very large relative to the separation dis- 
tance d.  At large R a  the separation d becomes larger, and the assumption of 
infinite plates is not so good. However, using the appropriate relations given by 
Jakob (1957) that take into account the finite extent of the plates and re-radia- 
tion by the side walls, it  is seen that the results are nearly the same as those given 
above. When we use the largest value of d = 180 em, the shape factor becomes 
(2/s - O.B)-l instead of the (2/e - 1)-1 given above. The value of emissivity given 
is appropriate for 'bright' aluminium at infra-red wavelengths (9.3pm at 40 "C). 
The effect of surface oxidation is unimportant a t  these wavelengths, since the 
oxide layer is much thinner than one wavelength. 

of 
the convective transfer for all the cases reported below. Since, after radiation 
effects are subtracted, heat can be lost from the lower plate only through the fluid 
to the cold upper plate, this method gives a definite lower bound on the convec- 
tive heat transport. That is, we know all the heat that left the lower plate went 
into driving the convective motion. However, we do not know how much heat 
was conducted through the insulating side walls and also went into driving the 
motion. The influence of conduction through the side walls is appreciable at 
large d, and will be discussed below. 

This method of determining the heat flux gave encouraging results, but a 
systematic error was noted in the results. It was seen that a t  low values of heat 
flux no electrical power at all was needed to maintain constant temperature in 

The amount of heat due to radiation was not large, being less than 
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the lower plate. Evidently, enough mechanical energy was introduced by the flow 
system (gravity drop from the reservoir and a 480 W centrifugal return pump) 
to influence the results. 

The amount of mechanical energy was found by operating the system at 
Ra = 7 x lo4 and noting the equilibrium temperature of the lower plate (0.4 "C 
above room temperature as measured by the average of 4 thermocouples refer- 
enced to a large heat sink at room temperature) with no electrical heat input. 
The heat losses through the convective fluid and to the room must equal the 
mechanical input. The convective heat transport was calculated to be 100 W, 
using the value given by Ja,kob (1949) for air Nu = 0*21(Ra)l and the dimensions 
of the test chamber. All subsequent heat flux determinations, which are reported 
in 0 3, were made at a lower plate temperature of 0.4 "C above room temperature 
with 1OOW added for mechanical heat input. 

The experimental procedure was to operate the convection chamber for 
sufficient time to establish a steady state, then change the electrical power input 
to the lower plate reservoir until the rate of change of lower plate temperature 
was zero. Temperatures a t  the plate supply manifolds were monitored, to see 
that they had remained constant for at least 15 min. The amount of time required 
for this process varied, depending on the magnitude of AT and the skill of the 
operator. In  nearly all cases, the time to reach equilibrium was between 1 and 4 h. 
A null method was used to guard against slow changes in room temperature. After 
a steady state was reached and the power input noted, power was first increased, 
then decreased slightly, until the plate temperature changed. A power change of 
5 yo caused the plate temperature to change a noticeable amount, which gave a 
measure of the relative accuracy of the heat flux determination. The absolute 
accuracy obviously depends also on the value given by Jakob that was used to 
determine the mechanical input. 

For the largest values of d shown in figure 2 the area of the sides was large 
enough that appreciable heat was conducted through the Styrofoam side walls. 
In  order to estimate the magnitude of this error, the following procedure was 
used. With d = 180 em the experiment was run twice with 5 em thick side walls, 
and then repeated using 10 em thick side walls. Ford < 180 em, the wall thickness 
was 5 em. With the 10 em thick side walls the temperature at the inside wall was 
measured so that the conduction through the wall could be estimated. Using the 
conductivity of Styrofoam (5% greater than that of air), and the inside wall 
temperature measured at the mid-point between the plates, we calculated the 
loss and compared it with the difference between the results using 5 and I0 em 
thick walls. The calculated loss was found to be approximately equal to the 
difference in heat flux with the two wall thicknesses, and was 13 "/b of the heat 
transfer for two different values of AT. 

Heat loss through the side walls at d = 180cm has therefore been estimated 
in two independent ways. We can extrapolate that the heat loss remaining with 
10cm wall thickness is approximately the same as the difference between the 
heat loss a t  5 and 10 em, which is 13 % of the total heat transfer. The loss calcu- 
lated with temperatures measured at 10 em lends confidence to this estimate. 

At values of d lower than 180 em, the heat loss through the 5 em walls should 
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Quantity 

d 
AT, 
T 
u, w 
Heat flux, d < 24 cm 
Heat flux, d = GO cm 
Heat flux, d = 180 cm 
Ra 
Nu, d < 24 cm 
Nu, d 2 60 cm 

Error (yo ) Primary cause 

- + 2  
+ 3  Variation across plate 
& 10 
& 10 
+ 5  Observed sensitivity 
& 8  Loss through side walls 
& 13 Loss through side walls 
f 10 Accuracy of d 
& 10 Measurement of heat flux 
f 15 - 

Measurement of d,  waviness of plates 

Calibration method, changing wires 
Calibration method, changing wires 

TABLE 1 

I I I I J 
105 106 10' 108 109 10'0 

Ra 

FIGURE 2. Measured heat flux, Nu against Ra. For d = 180 cm, lower bar indicates value 
for 5 cm wall thickness; data point, value for 10 cm wall; and upper bar, calculated loss 
through walls. Curve fit by eye. 

d (cm) G 8 10 14 24 60 180 
O V U 0 A O $  

be reduced by d/18O, since it is proportional to the area of the walls and the 
mean temperature of the layer F. Thus the side-wall loss becomes only 8 % of the 
total heat transfer for the next largest value ofd = 60 cm, and 3 % for d = 24 cm. 

2.5 .  Xummary of experimental error8 

For each of the quantities that were determined experimentally, the expected 
errors have been given above. They are collected in table 1, along with the derived 
quantities. As noted above, the relative error in U, W and T is 5 yo for the results 
described in $4. 
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3. Heat flux measurement 
Given in figure 2 are the results of heat flux measurements by the method 

outlined above. The Nusselt number Nu, defined as the ratio between total 
heat transport and that due to conduction alone, is given against Ra for 

7.0 x 104 < RU < 7.4 x 109. 

We calculated the conductive heat transfer using the air conductivity at  the 
mean temperature of the two plates. For d = 180 em, the 5 em wall results are 
shown as the lower bar, and the 10 em wall results are shown as the data points. 
The upper bar includes the estimated heat loss through the walls. The results 
for d = 180cm should be used with caution, since, at such a low aspect ratio 
( L / d  = 2)) even a small amount of h.eat applied over the side boundaries could 
significantly affect the flow. 

Within the scatter inherent in the data, a curve of Nu = 0.13 Raoe30 fits well. 
There is no indication of a change of slope of the curve at  high Ra. 

4. Temperature and velocity measurement 
Keeping in mind the limitations discussed in $2.3, we proceed to discuss 

horizontal velocity and temperature spectra calculated from traverses through 
the convection chamber. In  figure 3 are the results for the cospectra of velocity 
and temperature C,, of a large number of traverses at conditions ranging from 
Ra = 0.4 x lo5 to Ra = 1.7 x lo7. Cospectral density is plotted against the non- 
dimensional wavelength LICE. At each Ra a t  least 12 traverses were made (the 
average being 14). The spectra were calculated for each traverse according to the 
method outlined in $2, and the cospectra at  each wavenumber were averaged 
together to give the result shown. The calibrations have been included in the 
cospectra. By using the specific heat cp, the chamber dimensions, and the appro- 
priate temperatures, the cospectra have been non-dimensionalized so that the 
Nusselt number is obtained when the values a t  all wavelengths are summed, i.e. 

NU = 1 +ZCwTd/(lcAT). 

The cospectra for d > 6 em have been reduced by the amount of increase in dis- 
tance between spectral lines due to changing d, so that the results for different 
values of Ra can be compared. The area under a given segment of the spectral 
curve indicates the amount of heat flux supplied by that range of wavelengths. 
The results of figure 3 show that the wavelength band that accounts for the largest 
contribution to the total heat flux is centred between L / d  = 4 and L / d  = 6. 

Although there is considerable scatter in the spectra at  a given wavelength, the 
results over a wide range of Ra show a striking similarity. There is a general mono- 
tonic decrease in the heat flux for scale sizes smaller than that corresponding to 
the spectral peak in each case. Peaks in individual spectra can be seen for smaller 
scale, but when results for a number of different values of Ra are compared, no 
systematic change or persistence can be seen. It is therefore assumed that the 
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FIGURE 3. W-T cospectral density against wavelength. Value shown is C,, non-dimen- 
sionalized such that the sum of C,, a t  all wavelengths gives the Nusselt number 

NU = 1 + XCwT d / ( k A T ) .  

Ordinate a t  each L / d  is reduced by +d, so that equal areas under spectral curves represent 
equal amounts of cospectra, and can be compared for different Ru. 

d (em) 6 8 10 14 24 - - 
O O A Q V V O + ~ * X A  0 =# 

Ra ( x  10-6) 0.4 0-8 1.2 1-7 2.1 1.7 2-6 3-2 4.1 6.3 8.0 24.0 140.0 170.0 

45 
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FIGURE 4. Dominant wavelength against nu. Peak wavelength from figure 3. 0 ,  present 
experiment, wavelength of maximum C,, from figure 3; x , Willis & Somerville (1972), 
from photographs; 0 ,  Deardorff & Willis (1967) from CwT; - - - , limit of Fourier resolu- 
tion in present experiment. 

only significant spectral peak in the heat flux occurs at  wavelengths of 

4 < L/d < 6. 

The variation of the wavelengths of these spectral peaks with Ra can be seen in 
figure 4. Also shown are data from Willis & Somerville (1972) for values of Ra 
less than those obtained in the present experiment, and two points from Dear- 
dorff & Willis (1967). We see that the dominant wavelength gradually increases 
from Lld = 4 for Ra < lo5 to Lld = 6 for Ra > lo6. In  spite of the fact that the 
limit of resolution shown by the dashed lines is getting close to the dominant 
wavelength a t  higher Ra, it appears that the dominant wavelength does not keep 
growing for Ra > lo6, but remains constant a t  Lld = 6. Another characteristic of 
the results for Ra > lo5 is the relatively large scatter, which is seen also in figure 3. 
The region 105 < Ra < 106 appears to be a transition region in which the con- 
vection changes its scale. 

I n  figure 5 the total cospectra (at all wavelengths) have been used to calculate 
Nu,  which is shown against Ra. The two points shown from Deardorff & Willis 
were obtained from measured covariance. The r.m.s. variation in the cospectra 
is shown: it is seen to increase as Ra increases. The slope of the curve of N u  
against Ra is close to that obtained in $3,  considering the variation that was 
observed. It should be noted that the variation is characteristic of the present 
method of obtaining the cospectra: it is seen in the results of Deardorff & Willis 
(1967) and Brown (1973), who used similar methods. 
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Ra 
FIGURE 7. The r.m.s. vertical velocity variation against Ra. cF scaled by k/d. 

-, corresponds to uw (k/d)-I  = 0.53 Ra042. Symbols as for figure 6. 

Ra 
FIGURE 8. The r.m.8. horizontal velocity variation against Ra. mu scaled by kld. 

-, corresponds to CTU (k/d)-I  = 0.29 Ra0'44. Symbols aa for figure 6. 

In  figures 6-8 the 2.111.5. temperature, vertical velocity and horizontal velocity, 
vT, gW, cu, are shown against Ra, calculated from the same data as the cospectra 
of figure 3. For comparison with results of previous experiments, both vu and 
vw are scaled by the thermal diffusion velocity kld, and temperature by AT. We 
see a uniform increase in both gB7 and crr as Ra is increased. There is no indication 
of a change in either measured quantity in the range lo5 < R a  < lo6, correspond- 
ing to the change in dominant wavelength shown in figure 4. A uniform decrease 
in vT as Ra is increased is also seen, showing no change at  Ra = lo5. All of these 
data are taken at  a height halfway between the plates, and give no direct measure- 
ments of what may be occurring in the boundary layers near the plates. 
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More appropriate scaling parameters are the convective velocity w* and con- 
vective temperature T* (Deardorff 1970), which can be related to k/d and A T  by 

Nu _ -  T* - w hT - (PrRaNu)) '  
w* - (Pr Ra Nu)), 

When these scaling parameters are used, the scaled values of uw, uu, crT are 
nearly independent of Ra, as can be seen in figure 9. The value of Nu used to 
calculate w*, T* was obtained from the relation Nu = 0.13 RuO'~O, shown in 
figure 2 .  The mean values of scaled quantities, along with the r.m.s. deviations, 
are 

UT = 0.95 5 0.05, - uv - - 0.72&0.05 and - = 0 . 9 8 ~  0.05. 
w* w* T* 

5. Structure of horizontal spectra at high Ra 
In  spite of the difficulties inherent in calculating horizontal spectra discussed 

above, it was desired to search as closely as possible for additional peaks in the 
spectra. Taking inspiration from the apparent success of Busse (1969) in relating 
the spectral measurements of Deardorff & Willis (1967) to the multi-a solutions, 
we decided to force a directional dependence on the experiment by changing the 
boundary conditions. 

Side walls were placed in the chamber so that the dimension normal to the 
traverse line b was reduced. The transverse aspect ratio bld was kept equal to 5, 
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FIGURE 10. Normalized W-T cospectra against L / d ,  entire chamber. C,d/L plotted 
against log ( d l L ) ,  so that equal areas represent equal amounts of cospectra. C,,d/L nor- 
malized to peak value. Curves separated for clarity. 

(9 (ii) (iii) 

Ra ( x 1.1 1.8 14.0 
d (4 7.6 9.0 18.0 

as d was changed to vary Ra. This value was believed to be a reasonable com- 
promise between forcing directionality and retaining the important features of 
the flow. Since the spectral maximum of convection with no side walls occurs a t  
Lld = 6 with large Ra, choosing the aspect ratio less than 5 would yield results 
that could not be generalized to the problem in an unbounded layer. 

The operational procedures for the measurement of horizontal variations 
of velocity and temperature were changed only slightly from those used for the 
results shown in $ 4; a delay time of 1 0  min was used, and the tape recorder gain 
was altered as described in $2. 

We shall restrict ourselves to consideration of the W-T cospectra CwT. 
Decreasing the aspect ratio changes the other spectral quantities, of course, but 
the effects can be investigated by considering only CwT. Shown in figures 1 0  
and 11 are C,, for both cases, with the convection including the entire chamber 
in figure 10 and with an aspect ratio of 5 in figure 11. The values of C,,, have 
been weighted by the inverse of the measured wavelength L/d and plotted with 
d/LC,, against log d / L ,  so that equal areas under the spectral curve represent 
equal amounts of cospectra. The magnitudes have been normalized to the peak 
value, and separated so that the spectral differences can be examined. 

We see in figure 1 0  that the band of wavelengths 3 < L / d  < 6 contributes the 
most heat flux, as was indicated by the results in figure 3. The curves for the three 
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L f d  
FIGURE 11. Normalized TY-T cospectra against L / d ,  transverse aspect ratio 5. Same as 
figure 10, except width of chamber reduced to achieve desired aspect ratio 

( i )  (ii) (iii) (iv) (v) 
d (cm) 7.8 9.0 11.0 17.0 21.0 
Ra ( x  7.1 1.8 2.6 13.0 21.0 

values of Ra are quite similar. When the side walls are introduced so that the 
aspect ratio is 5 ,  as seen in figure 11, the spectra are significantly altered. A much 
larger percentage of the total cospectra now is due to smaller sizes L / d  < 3. 
These results are very similar to those of Deardorff & Willis (1967). The purpose 
of introducing side walls was to cause disturbances to line up normal to the 
traverse. We shall proceed to examine the cospectra at  different Ra, looking for 
some systematic variation that indicates disturbances are being aligned. 

We see that there are definite differences between the cospectra from different 
Rayleigh numbers. However, even though a number of traverses were averaged 
together in the data shown in figure 11, a large amount of variance exists in the 
individual peaks of cospectra that are evident. The spectra for individual tra- 
verses used to obtain figure 11 show that r.m.s. deviation a t  a particular wave- 
number is nearly equal to the mean, reflecting the fact that the mean value shown 
is made up of very large values and very small values taken together. The large 
variance at  a particular wavelength causes difficulty in determining the depen- 
dence upon the Rayleigh number. 

In  order to minimize the effect of the large variance in the magnitude of the 
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FIQURE 12. Histograms of number of W-T cospectral peaks against wavelength of 5 
values of Ra. Range of Ra covered in each histogram is shown a t  bottom. Total number of 
spectral peaks is, from left to right, 188, 270, 124, 114, 187. 

spectra at different wavelengths, we shall consider only the wavelength of the 
peaks. This method of presenting the spectral data is shown in figures 12 and 13. 
The cospectra of each individual traverse through the chamber were scanned 
to find the wavelength of the three largest maxima. A histogram was prepared 
for each Rayleigh number, showing the number of spectral peaks observed at 
each wavelength. I n  figure 12 only those data are shown for which there were a 
large number of points, so that the general trend is more evident. Since the wave- 
lengths are shown on a logarithmic scale, the number of peaks a t  each wave- 
length has been weighted with d/L, so that equal areas under the curve represent 
equal numbers of peaks. The number of peaks used at  each Rayleigh number is 
given in the caption. The band of Rayleigh numbers included in each set of data 
is shown at the bottom of each curve. The trend of decreasing wavelength with 
increasing Rayleigh number is clearly evident. In  each histogram of figure 12, 
at least three dominant wavelengths can be seen that appear to decrease with the 
increase in Rayleigh number. However, one should use caution when looking for 
similarities between curves for which the statistical significance cannot be demon- 
strated. When all the data are included (figure 13), the trend is not so clear. 

The medians of each of the histograms of figure 13 are shown in figure 14, with 
the size of the plotted point indicating the number of peaks used in each case. 
A least-squares fit that weights the points according the number of peaksis shown, 
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FIGURE 13. Histograms of number of W-R cospectral peaks against wavelength. 
Same as figure 12, except for all the data obtained. 

FIGURE 14. Median spectral peak wavelength against Ra. Median wavelength from figure 
13. Size of point indicates number of peaks used. Weighted least-squares curve shown is 
Lmedian = 3.4Ra-0’85. 
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and gives Lmedian = 3.4 Ra-0'35. The decreasing trend of wavelength with Rayleigh 
number that is seen in these results is in contrast to the results obtained above 
and shown in figure 4. 

6.  Discussion of results 
As mentioned in $1 ,  the problem of thermal convection has been the subject 

of experimental and theoretical investigation by numerous authors. As the work 
has progressed, understanding of the phenomenon and its applications has 
gradually increased. At the same time, however, a number of controversies and 
inconsistencies have arisen that deserve clarification 

One question, resulting from the work of Malkus (1954a), involves the dis- 
continuities in heat flux observed experimentally. These discontinuities have 
been investigated experimentally by Willis & Deardorff (1967), Krishnamurti 
(1970), Brown (1973) and theoretically by Busse (1967), among others. The 
transitions have been linked to important changes in the character of the 
motion and have thus been invaluable in clarifying the evolution to more com- 
plicated flows. For example, the second transition (the first transition is the 
onset of convection) has been linked to the onset of three-dimensional or bimodal 
convection, and the third transition to time-dependent motions. The tran- 
sitions have been shown to be highly dependent on Prsndtl number, which 
indicates the importance of the inertial terms. For convection in air, Willis 
& Deardorff (1967) and Brown (1973) showed that the second transition occurs 
at Rat2 M 26 000, and that the transition does not depend on whether the depth 
or temperature drop of the convection box is varied. 

Flow changes corresponding to these heat flux transitions were reported by 
Carroll (1971), who used a stationary temperature probe. In  addition to these 
transitions, he also found significant flow changes a t  two additional values of 
Ra < Rats. Although this may suggest that heat flux transitions are not the best 
indicators of changes in the flow, we anticipate that only the most significant 
flow changes will result in changes in heat flux. The important thing to note is 
that all the above-mentioned heat flux transitions do accompany a definite 
change in the fluid flow. 

Malkus (1954a), Willis & Deardorff (1967) and Chu & Goldstein (1973) indi- 
cated the presence of transitions at  much higher Ra than Rats. Unfortunately 
there appear to be no explanations that can relate the onset of these transitions 
to observable changes in the flow. In  the present experiment, none of these heat 
flux transitions for R a  > Rats can be seen. As discussed in $ 2, the limited accuracy 
of these heat flux measurements results in too much scatter to see such changes. 
Examination of the spectral data of $ 4  reveals no observable difference relating to 
any of the transitions that were observed by the other authors. 

It therefore remains to be seen whether these transitions relate to changes in 
the flow, or are merely artifacts of the experimental configuration. In  the experi- 
ment of Chu & Goldstein, the small aspect ratio seems an obvious factor. At 
high Ra their aspect ratios are as low as 1.5, so that the observed transitions may 
be adjustment of the horizontal wavelength as the temperature is increased. 
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Since the results of $4 indicate that a large amount of the heat flux is due to 
horizontal scales several times larger than the depth, application of their results 
to an unbounded layer is questionable. Aspect ratios in the experiment of Willis 
& Deardorff were much larger, and are thus more difficult to explain. In any case, 
the transitions at higher Ra are of limited usefulness, if they cannot be related to 
flow changes. 

A much more easily observed heat flux transition, where the slope change can 
be noticed on a log-log plot, was seen by Malkus to occur at  Ra N 5 x lo5, and is 
noted in all the studies cited by Jakob (1957). In  fact, it  is seen in convectionin 
many different geometries, and it is called the transition from ‘laminar’ to 
‘turbulent’ convection (Jakob 1957). At this value of Ra, Malkus noted an 
increase in horizontal motions, and Chu & Goldstein observed an increase in 
horizontal motions near the boundary layer. We see no change in the r.m.8. U 
velocity as shown in figure 8 ;  but all these observations were made a t  the mid- 
point of the layer, not near the boundary. This transition coincides with the value 
of Ra at which a definite change occurs in the dominant wavelength (figure 4). 
It is inferred, therefore, that it accompanies a change in the flow, and is distinct 
from the series of high Ra transitions observed by Willis & Deardorff and Chu 
& Goldstein. While the present study is limited by the lack of information about 
the two-dimensional extent of the convection patterns as has been noted above, 
it appears that the transition at  Ra - 105 coincides with the development of a 
collective or spoke-pattern instability (Busse & Whitehead 1974). 

This instability has been observed in convection of silicon oil, and results in 
centres that are semi-permanent and characterized by predominant upflow or 
downflow. The wavelength between these centres is of the order of Lld = 6 or 
larger, and the centres exist as the most persistent features in a generally time- 
variant flow. Such persistent features would be naturally singled out by the 
present method of averaging spectra. The dependence on Pr precludes any 
direct comparison with the value of Ra at which the instability occurs. It can be 
seen in figure 4 that the apparent transition occurs in the range lo5 < Ra < lo6 
for convection in air. This value of Ra is of approximately the same magnitude as 
that for the high Pr silicon oil, although the comparison is only a rough one. 
Although the data shown in figure 4 are limited at large Ra by the Fourier resolu- 
tion in the convection chamber, the results indicate that the predominant wave- 
length remains constant after the transition. 

The most important result of this study is the observation of definite measur- 
able changes in the flow corresponding to the collective instability. The tendency 
of the flow, even in the seemingly turbulent flow at high Ra, towards subharmonic 
or larger scale response is characteristic of convection, which holds implications 
for a wide variety of applications. The similarity to dry convection in the un- 
stable planetary boundary layer is quite apparent. Deardorff (1970) showed that, 
when scaled by w* and T,, the measurements in closed convection-box experi- 
ments are similar to those in the unstable atmosphere taken above the level given 
by the Monin-Oboukhov scale height, which describes the limit of shear-domi- 
nated motion. The present results indicate that horizontal scales of motion several 
times larger than the depth of the convecting layer are very important in trans- 
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porting heat. The importance of these scales of motion is indicated by the results 
of Deardorff & Willis (1967) using a configuration similar to the present one. 
Carroll (1971) has Fourier-analysed a fixed array of temperature probes and also 
obtained results that suggest the importance of motions larger than the layer 
depth. The existence of large-scale disturbances was noted by Willis & Deardorff 
(1974), and used to explain discrepancies between their experimental results 
(made in a chamber of aspect ratio 1-5) and aircraft measurements in the atmos- 
phere. Similarity of the present results to other observed atmospheric convec- 
tion (such as cellular cloud patterns) is less direct, but the tendency towards large 
horizontal scales is present. This tendency is also observed in turbulence without 
convection, in many cases. 

The results for uT given in figure 6 show a systematic and rather large dis- 
crepancy when compared with the results of Deardorff & Willis (1967). Values 
of Nu shown in figure 5 are close to those of Deardorff & Willis, but the variance 
is so great that comparison is difficult. The values of uw and uu shown in figures 7 
and 8 are closer to Deardorff & Willis’s results than uT. In  looking for differences 
between the two studies to try to account for the different results, the larger 
aspect ratio of the present work is an obvious candidate. However, the lack of any 
systematic trend in uT, uW and gu suggests the effect is not important. Correla- 
tion coefficients for the present results compare well with those measured by 
Deardorff & Willis at  mid-level. For example, the present results give 

(-“wT = 0.51 for Ra = 6 . 3 ~  105 and d = 10cm, 
(Cww CTT )z 

‘WT = 

compared with rWT = 0.61 given by Dea,rdorff & Willis. 
No reason is known for the large uT discrepancy. The temperature calibration 

discussed in $ 2  is believed to be accurate to 10 %, but the results of Deardorff 
& Willis are 60 yo higher than the present ones. The latter yield uT/!P.. = 1.0 & 0.05, 
which appears to be close to comparable measurements in the real and simulated 
planetary boundary layer (Willis & Deardorff 1974) at the level of maximum 

C W -  
As stated in $ 1  there are two ways of approaching convective turbulence. 

Either we proceed step by step through the sequence of instabilities, which lead 
to the complex flow we designate as turbulence, or we search for structures in the 
fully-turbulent flow that can be related to some physical model. In  8 5 we attemp- 
ted the latter approach, changing the boundary conditions to overcome limita- 
tions in the measuring technique. It was hoped that lowering the aspect ratio in 
one direction would make possible determination of smaller-wavelength dis- 
turbances lost in the averaging process. The goal was to relate these wavelengths 
to a reasonable model, the prime candidate being analyses based on Malkus’s 
suggestion of maximizing the turbulent transport. In  order to relate the measure- 
ments to the results of these theories, a brief digression is necessary into the 
nature of multi-cr. solutions. The reader is referred to Busse (1969) for a complete 
description of the solutions. 

The multi-a solutions are multiple boundary-layer solutions to the variational 
problem of maximal heat flux across the gap. As we move from the interior 
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towards the boundary, each succeeding boundary layer has a vertical scale one- 
quarter of that of the preceding one, and a particular horizontal scale of wave- 
number a that decreases as the Rayleigh number is increased. The number of 
boundary layers present a t  a particular Rayleigh number is determined by 
maximizing the total heat flux. The horizontal spectra in the centre of the con- 
vection layer correspond to the horizontal scale of the outermost boundary layer, 
which dominates the interior region. The predominant horizontal wavelength 
in the interior should therefore decrease as Ra-* until a transition is reached, at 
which point a new and larger horizontal scale becomes predominant, correspond- 
ing to the next larger wavelength. The horizontal scale of the new boundary 
layer should in turn decrease as the Rayleigh number is increased further. How- 
ever, since there is not much difference between the amounts of heat flux due to 
the first few boundary layers near the interior, the flow cannot be expected to 
show a strong preference for one rather than another. Thus, we expect that the 
dominant horizontal scale would alternate between the preferred and the next 
smaller if the bounding solutions were representative of the actual flow. 

The results of $ 5  do not lead to a definite confirmation or refutation of the 
above hypothesis. Comparison of figures 10 and 11 indicates that lowering the 
transverse aspect ratio did indeed increase the amount of cospectra due to 
smaller wavelengths. But distinct spectral peaks that have a systematic variation 
with Ra cannot be discerned. The histograms of figures 12 and 13 indicate that 
the number of peaks a t  smaller wavelength increases as Ra increases, and this is 
confirmed in figure 14. However, this result is a long way from positive evidence 
for the existence of multi-a type structures in the flow. 

The results in figure 4, which use the entire convection chamber, indicate that 
the dominant wavelength increases with Ra, in contradiction to the multi-a 
bounding solutions and the results of $ 5 .  Until it is possible to make a better 
determination of the horizontal structure than does present instrumentation, 
the effects of decreasing the transverse aspect ratio will be in question. It is clear, 
however, that the spectral results of Deardorff & Willis, taken at  low aspect ratio, 
are not applicable to the case of large aspect ratio since they resemble the results 
in figure i 1 more than those in figures 3 and 10. 

Perhaps the equivocal nature of the results regarding structures in the flow are 
just due to the inadequacy of the available velocity and temperature data. 
It seems more likely to the author, however, that they do convey important in- 
formation: i.e. that the upper bounding solutions are just useful as a viewpoint 
or way of looking a t  turbulence, and should not be taken its solutions of the 
motion. Indeed, both Howard (1963) and Busse (1969) caution that their solu- 
tions are only for the bounding problem, not necessarily for the flow. Perhaps 
the variational problem needs constraints, in addition to those on energy and 
continuity. Or, more basically, perhaps the idea of maximal turbulent transport 
is true only in some average sense, and is not a good way to arrive at  solutions of 
the motion. The spectral data of this study all show that vertical velocity and 
temperature are not perfectly correlated, as would be the case with optimal heat 
transport. The maximum coherence, which occurs at  the peak wavelength in the 
cospectra, is approximately 0.7. 
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Heat flux measurements do not offer proof of multi-a type motions. The 
bounding solutions indicate that N u  N Rai at large Ra. An analysis by Kraich- 
nan (1962) also suggests this dependence a t  large enough Ra is due to increased 
velocities near the boundary layer because of the large-scale convection. Such 
dependence is in contrast to the N u  - Rat dependence obt,ained from similarity 
arguments, which allow the length scaled to cancel out. We see from figure 2, that, 
in the range of these experiments, N u  = 0.13Ra030 for Ra < lolo.  The present 
results therefore show no enhancement over the R)  similarity dependence. Since 
Kraichnan indicates that the enhancement ofNu should not occur until Ra N 1 OZ4, 
which is clearly beyond the range of experiment, we can only say that, if such 
enhancement occurs, it  must be at higher Ra than we can attain. It should be 
noted that the functional dependence is Rao30, instead of the Rat that would be 
true if the length scale cancelled. Other heat flux measurements (Goldstein & 
Chu 1969) have obtained the same result (i.e. that N u  increases less rapidly than 
Rat). It appears that the flow near the lower boundary is effected by large-scale 
motions from outside the boundary layer, but with the effect of hindering, not 
enhancing, the heat flux. Such hindrance seems plausible, since large-scale down- 
drafts near the lower boundary can suppress the depth of the boundary layer, 
thus hindering the growth of small-scale instabilities that enhance the heat flux. 
Large-scale horizontal velocities could also limit the heat flux by breaking up 
ordered structures in the turbulent flow. 
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